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O ■ Abstract 

■ Given an arbitrary Lagrangian function on R"* and a choice of classical path, one can try 
to define Feynman's path integral supported near the classical path as a formal power series 

■ parameterized by "Feynman diagrams," although these diagrams may diverge. We compute 
this expansion and show that it is (formally, if there are ultraviolet divergences) invariant under 
volume-preserving changes of coordinates. We prove that if the ultraviolet divergences cancel at 
each order, then our formal path integral satisfies a "Fubini theorem" expressing the standard 

■ composition law for the time evolution operator in quantum mechanics. Moreover, we show 
that when the Lagrangian is inhomogeneous-quadratic in velocity such that its homogeneous- 

• quadratic part is given by a matrix with constant determinant, then the divergences cancel at 

"j^ I each order. Thus, by "cutting and pasting" and choosing volume-compatible local coordinates, 

our construction defines a Feynman-diagrammatic "formal path integral" for the nonrelativistic 
quantum mechanics of a charged particle moving in a Riemannian manifold with an external 
electromagnetic field. 

(N 

> , 

^ ■ 1 Introduction 
m 

'sj" ' The primary goal of this paper is to clarify the definition and construction of the formal path integral 

Tjij- ■ as it applies to quantum mechanics on possibly-curved spaces. We will prove that in the most 

, important cases, the formal path integral is well-defined and satisfies a Fubini-style composition 

law. In a companion piece [15], we address the formal-path-integral approach to quantum mechanics 
on M'^, and prove that the output of the formal path integral satisfies Shrodinger's equation with 
the correct initial value; the arguments there translate mutatis mutandis to the generality in this 
paper. 

■ Feynman introduced the path integral in his thesis [9] (first published as [7] in 1948) as a new 
formalism for quantum mechanics. In 1949, based on his path integral and his powerful physical 
intuition, Feynman introduced his famous diagrams as a tool for studying quantum electrodynamics 
[8]. In the subsequent years, path integrals and Feynman diagrams became universal in the study 
of quantum field theories; for a detailed history, see [17]. These applications are usually "formal," 
in the sense that they return formal power series in the physical variables: analytic definitions of 
path integrals remain elusive in most cases. Among physically important quantum field theories, 
only quantum mechanics (a one-dimensional quantum field theory) exists analytically (see e.g. [30]). 
But the diagrammatic methods have not been rigorously checked against the analytic theory. 

For us, the formal path integral is a machine that inputs a classical physical system — a smooth 
manifold M, called the configuration space, and a smooth function L : M x TM — ?■ M, called the 
Lagrangian, which is required to be convex along fibers, along with an extra bit of data: a smooth 
volume-form on — and a nonfocal classical trajectory 7 : [to, ti] — )• M. The output of the formal 
path integral is essentially a formal power series in a formal variable h ("Planck's constant"). We 
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write "essentially" for two reasons. Less importantly, the output is actually of the form: 

The Cn are real coefficients that depend on 'y, and are given by finite sums of finite-dimensional 
integrals. 

More importantly, for n > 1, the coefficients c„ are integrals of products of distributions ("gen- 
eralized functions," like Dirac's (5- function) , and can diverge: the c„ are formal polynomials in the 
infinite quantity (5(0). These "ultraviolet" divergences are not usually considered in the physics lit- 
erature on quantum mechanics, where ultraviolet divergence are normally thought of as a feature of 
higher-dimensional quantum field theories. (An important case in which divergences have been con- 
sidered is when the corresponding classical mechanics involves singular potentials. Certain examples 
have been studied thoroughly within the framework of renormalization [24, 2].) In Section 5.1 we 
give a natural example with no classical singularities in which there are quantum divergences. But 
one of the main theorems of this paper (Theorem 5.2.1) is that if L is inhomogeneous quadratic on 
fibers and the chosen volume form is the one arising from the homogeneous-quadratic part of L (a 
Riemannian metric), then the divergences cancel at each order. In physical jargon, this situation 
corresponds to the nonrelativistic quantum mechanics of a single charged particle confined to a 
manifold, moving through an external electromagnetic field. 

We remark that even when there are no ultraviolet divergences, in general the power series given 
by the formal path integral has zero radius of convergence, an issue we will not discuss further. 



1.1 Detailed outline of the paper 

By a path we will always mean a piecewise-smooth parameterized path in M; i.e. a continuous 
function if : [to,ti] — >• Af such that there exists a subdivision io = '^o < ''"i < ■ " " < '^n = of 
[io,ii] so that all the restrictions f\[Tj,Tj+i] for j = 0, . . . , n — 1 are smooth. When 99 is a path, we 
write its canonical lift to TJ\f as ((p,(p); this lift is not continuous, but rather has discontinuities 
like Heaviside's step function 0(x), which we interpret, along with its derivatives, in the sense of 
distributions. A Lagrangian L : M x TJ\f — >• M associates to each path if : [to,ti] — )• A/" an action, 
given by: 

A{f)= r L{T,ip{T),f[T))dT (1.1.1) 

J T=to 

Let to < ^1 be real numbers and qo,Qi G A/". Temporarily, consider h as a. non-zero real number 
(for most of this paper, ^ is a formal parameter). Feynman's proposal for the path integral is to 
consider the following (ill-defined) infinite-dimensional integral: 

U{to,qo,h,qi)= j exp (j_A{f)^ dip (1.1.2) 

paths ip:[to ,ti]—^Af with 
</'(<o)=<?0 and ip{ti)=qi 

The "measure" dip is supposed to be given by the infinite product dip = Y\to<T<ti^v{T)^ where 
dip^r) = dVol is a copy of the volume form on J\f. Feynman asserts that if such an integral can 
be defined, then U will be a fundamental solution to the Schrodinger equation corresponding to 
the Lagrangian L: i.e. U will be the kernel of the "time evolution" operator, a unitary operator 
on the Hilbert space L^(AA, dVol). His justifications in [7, 10] hold only to a "physical" level of 
rigor, and break down when the Lagrangian is not inhomogeneous quadratic along fibers with flat 
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quadratic part, and even in this special case the arguments break down when the Lagrangian grows 
too quickly in the position coordinates. The problem is well-illustrated by a particle moving in one 
dimension under a quartic potential. The reader is invited to check for herself that in this situation, 
for any t > there are infinitely many classical trajectories of duration t connecting a chosen pair 
of points, most of which involve the particle flying very far away very quickly. These "high energy" 
classical solutions invalidate Feynman's estimations. 

When ?i — )• 0, a comparison with finite-dimensional oscillating integrals suggests that the integral 
in equation (1.1.2) should be supported near critical points of the action function A. These critical 
points are precisely the classical trajectories for the corresponding physical system. In this paper, 
we treat h as a formal variable, and take the suggestion as a definition. Let 7 : [to;^i] Af he 
a classical trajectory with 7(ta) = Qa for a = 0, 1. Our formal path integral will correspond 
physically to an integral as in equation (1.1.2), where the domain of integration includes only those 
paths that are "infinitely close" to 7. The size of "infinitely close" is controlled by h. 

Let A be a smooth real-valued function on a finite-dimensional manifold with a unique critical 
point, which is nondegenerate in the Morse-theoretic sense. Then the asymptotic expansion as 
/i — >• of the oscillating integral f exp(— (i^)~^A) is well-understood. In particular, the coefficients 
depend only on the 00-jet of A at the critical point. After choosing a coordinate systems, the 
coefficients are straightforward to compute: each coefficient is described succinctly by a finite sum 
of "Feynman diagrams," which were generalized by Penrose [27] to describe tensor contractions in 
arbitrary vector spaces. (A famous aesthetic split developed in the theoretical physics community 
over the interpretation of Feynman diagrams [17]. Feynman thought of his diagrams as pictures of 
fundamental interactions of basic particles. On the other hand, Dyson [3, 4], who deserves most of 
the credit for codifying and popularizing the use of Feynman diagrams in quantum electrodynamics, 
believed that the diagrams were devoid of physical meaning, representing only a useful nemonic for 
the complicated integrals in Schwinger's field theory. We are firmly in Dyson's camp: the diagrams 
provide a powerful notation, which we use throughout this paper, but do not represent particle 
interactions.) We review this material in Section 2.1. 

In the rest of Section 2, we translate this asymptotic expansion to the infinite-dimensional 
integral of equation (1.1.2) and compute the necessary components; we then take the translated 
expansion as the definition of the formal path integral. The translation applies only when the clas- 
sical trajectory (corresponding to the critical point in the finite-dimensional case) is nondegenerate 
for the Morse theory given by A. We recall the proof that any classical trajectory 7 is nondegen- 
erate if and only if it is nonfocal: it can be extended to a family of nondegenerate classical paths 
that vary smoothly with the boundary conditions 7(^0) = 90; 7(^1) = Qi- The coefficients are now 
given by finite sums of finite-dimensional (possibly divergent) integrals, and we can interpret the 
formal path integral [/^ as a function U.y{tQ,qQ,ti,qi), and each coefficient is smooth (if it con- 
verges). The Feynman diagrams provide a convenient notation for computations, hiding the details 
of the finite-dimensional integrals for which they code and highlighting the general structure. We 
will address these divergences in Section 5. The best situation is when for each order in h, the 
divergences contributing to that order cancel. When this happens, we say that the path integral 
has no ultraviolet divergences. 

A priori, the definition of the formal path integral depends on a choice of coordinates on A^, 
and only applies to classical paths that are contained entirely within the same coordinate patch. 
Let O be an open subset of M and q : O ^ j^dimAT ^ system of coordinates on O. We say that 
the coordinates are compatible with the volume if dVol = dq^ ■ ■ ■ dg^™"^. By a theorem of 
Moser [26], compatible coordinate systems exists for any volume form. Let 7 be a nonfocal classical 
path in O and q,q : O ^ j^dimA^ coordinate systems that are both compatible with the volume 
form dVol, and suppose that the image q{0) is star-shaped: for each x G q{0) and s G [0,1], 
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sx G 9(0) • In Section 3, we will prove that the formal path integrals and U-y, computed in the 
coordinate systems q,q, agree. Thus, we have Theorem 3.0.1: for a classical nonfocal path that can 
be contained within some star-shaped coordinate patch, the corresponding path integral depends 
only on the choice of volume form. 

In a slightly different setup, the problem of whether the path integral is invariant under changes 
of coordinates has also been addressed by Kleinert and Chervyakov [18, 19, 20, 21, 22, 23]. Under 
changes of coordinates, the dependence of the path integral shows up in the form of divergent 
quantities. Motivated by higher-dimensional field theories, Kleinert and Chervyakov adopt a "di- 
mensional renormalization" scheme from the beginning to handle these divergences. They consider 
a more restricted case of examples than we do: they consider only situations of the form "kinetic 
energy minus potential energy." Moreover, their methods are equivalent to forcing the potential 
energy to be infinitesimal — indeed, any approach that begins by setting h = 1 must then find 
some other parameter to use in the perturbation series, and the standard choice is the strength of 
the potential energy function. 

We handle general classical trajectories by a "cut-and-paste" method. In Section 4, we prove 
the following "Fubini" theorem for formal path integrals, provided that there are no ultraviolet 
divergences (or rather, provided that the integral represented by the Feynman diagram \ff converges, 
as then our ad hoc choice in definition 2.5.3 for the value of a certain "determinant" satisfies the 
correct differential equation). Let g : O — ?■ M'^'™-'^ be a coordinate patch that is compatible with the 
volume form, and let 7 : [to,ii] O he classical and nonfocal. If t G {to,ti), then the restrictions 
7o = 7l[io,i] ^^^^ 71 — 7l[t,ti] classical. Supposing that 70,71 are nonfocal, we can define three 
path integrals U-y{tQ,qQ,ti,qi), U.yg{tQ,qo,t,q), and U^j^{t,q,ti,qi). We will prove that the product 
U'y(,{to,qo,t,q)U.yj^{t,q,ti,qi), thought of as a function of g, has a nondegenerate critical point at 
q = j{t), and moreover that: 



The integral ranges over a small neighborhood of j{t) and is interpreted formally in the sense of 
definition 2.1.7. Equation (1.1.3) is a "composition law" for the formal path integral, and consti- 
tutes our Theorem 4.0.1. By a standard argument (e.g. [25]), there are only finitely many t £ {tQ,ti) 
for which the restrictions 70, 71 fail to be nondegenerate, provided the Lagrangian L is convex along 
the fibers of M x TJ\f — )• R x A^. Thus, to define the path integral for a general nondegenerate clas- 
sical path, we can cut it into small pieces, each contained within some coordinate patch, compute 
each path integral, and integrate the answer. Theorems 3.0.1 and 4.0.1 guarantee that the resulting 
power series is independent of the choice of cuts and coordinates. 

The results of Sections 2 to 4 largely ignore the issue of ultraviolet divergences. We begin 
Section 5 with a seemingly natural example to illustrate that these divergences really are an issue. 
In fact, the ultraviolet divergences arise because of the dependence of the formal path integral on 
the choice of volume form. When the Lagrangian is (inhomogeneous) quadratic along the tangent 
fibers, its homogeneous-quadratic part is a Riemannian metric, and thus determines a canonical 
choice of measure. If we use this measure to define the formal path integral, there are no ultraviolet 
divergences, a fact we prove in Theorem 5.2.1. In particular, Theorems 3.0.1 and 4.0.1 hold for 
these Lagrangians. As any such Lagrangian is of the form "kinetic plus magnetic plus potential," 
where the "kinetic" term is determined by a Riemannian metric, these systems describe the motion 
of "nonrelativistic charged particles in external electromagnetic fields." All together, we have: 

Main Theorem Let (J\f, a) be a Riemannian manifold with a chosen differential one-form b and 
a chosen function c, and let L{v, q) = ^a{q) ■ + b{q) ■ v + c{q) be the corresponding Lagrangian 
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on M and A{"f) = J L{'y,^) its action. Then for each classical nonfocal path 7 : [toi^i] — ^ 
Feynman's heuristic diagrammatic expansion yields a well-defined formal power series in h, 
representing the "near^" contribution to the path integral f exp(^^(7))d7 with the measure d'y = 
Tlto<T<ti v^i'jta^T^T^. This "formal path integral" is independent of any further choices, and 
satisfies the composition law of equation (1.1.3). 

Finally, our results from [15] hold in the generality of this paper. For a given pair of points q^, qi 
and given times to < ^ii there can by infinitely many nondegenerate classical paths 7 with 7(^0) = 
qa- But the arguments in [15] show that the sum ^^U^ converges in the sense of distributions. 
Moreover, if we are in the quadratic case of the Main Theorem, then for each path 7, the methods 
of [15] show that satisfies the corresponding Schrodinger equation, and as {ti — to) — >• 0, the 
sum Yl-y^ii^o^QOTtiTQi) approaches Dirac's 6 distribution. 

The results in this paper apply a priori only when the Lagrangian L : M x TJ\f — )• M is convex 
along the fibers of the projection M x TAf — t- M x Af; in fact, we insist that the matrix ^p-{t, v, q) be 
everywhere positive definite. Although we have tried to use this condition sparingly, let us briefly 
highlight the places where it seems necessary. A sign ambiguity in the definition of the formal path 
integral can presumably be fixed by using Maslov's index rather than Morse's; alternately, one can 
simply understand the formal path integral as double- valued. Also, it is no longer automatically 
the case that the Legendre transform determines an injection M x TAf — >• M x T*J\f, preventing 
lemma 4.1.1 from holding as stated; however, for Theorem 4.0.1 we need only part of lemma 4.1.1, 
and this part requires only that the matrix -q;^ be everywhere invertible. Finally, in the indefinite 
case, extra assumptions on the classical mechanics determined by L are also necessary in order 
to get from Theorem 4.0.1 to a definition of the formal path integral on an arbitrary manifold: 
there might not be enough medium-length nonfocal paths for our argument to go through [12]. 
In all cases, the convexity condition on L simply assures that the classical mechanics is suitably 
well-behaved, and we believe that results similar to ours apply even in well-behaved indefinite 
examples. 

We leave open the following three questions, each of which deserves its own paper: 

1. When there are ultraviolet divergences in the formal path integral, what do they measure? 

2. When the Lagrangian is not inhomogeneous quadratic, is there a choice of measure in which 
the formal path integral converges? Does this require a "measure" on path-space that is more 
general than "d7 = nto<T<ti '^'li'^)" say by depending explicitly on the velocities of paths? 

3. When the Lagrangian is not inhomogeneous quadratic, does the diagrammatic formal path 
integral still yield a solution to Schrodinger's equation? 
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2 The coordinate-full definition of the formal path integral 



In this section, we define the formal path integral for Lagrangians on open subsets of where 
the volume form is taken to be the usual one. Although this definition is essentially well-known, 
it seems not to be carefully written down in full generality. Indeed, this section ought to be given 
as an exercise in an advanced quantum mechanics textbook. The closest we can find is Exercise 
10.11 from [13], in which only Lagrangians on of the form "kinetic energy minus potential 
energy" are considered: "Formulate Feynman diagram perturbation theory for quantum mechanics 
by following steps similar to those for the zero-dimensional QFT." The authors do not suggest any 
of our Theorems 3.0.1, 4.0.1 and 5.2.1 nor the results from [15], and we suspect they did not try to 
prove these theorems themselves. 

We begin in Section 2.1 by recalling the description of the asymptotics of finite-dimensional 
oscillating integrals (compare [6, 28, 29]): as ?i — )• 0, an integral of the form Jj^jv exp(|A(j;))dx 
is supported near the critical points c of A, and depends only on the Taylor expansion of A at 
c, and the coefficients of the asymptotic integral can be succinctly described in terms of sums of 
"Feynman diagrams" . In the remainder of the section we translate the asymptotic expansion to 
the infinite-dimensional case /paths ^■^p(h-^(')'))*^'^' '^here A is the action from equation (1.1.1). In 
Section 2.2 we describe the derivatives of the action A and recall the following well-known fact: the 
first derivative A^^'^ can be understood as a nonlinear second-order differential operator on paths in 
M'^; setting ^*^"'^)(7) = gives the Euler-Lagrange equations for the Lagrangian L, and the solutions 
are the classical trajectories. 

Only a few difficulties present themselves in making this translation. In the finite-dimensional 
case, the usual asymptotic expansion of the integral f ex.p(^j^A{x)^dx requires the inverse to the 
Hessian A^'^\c) at each critical point c; thus A is required to be a Morse function. In the infinite- 
dimensional case, the notion of Hessian is still well-defined, but a nonsingular operator need not 
have an inverse. In Section 2.3 we will interpret the Hessian ^^^^(7) of the action ^ at a classical 
path 7 as a second-order linear differential operator T?^ on paths in M'^. We call a classical path 
7 : [toj^i] ~^ I^*^ nondegenerate if Vry has no zero modes ^ with ^{to) = = ^{ti). We will prove 
that 7 is nondegenerate if and only if it is nonfocal — extends to a family of paths — and that in 
this case Vj has a Green's function, i.e. a function : [ioi^i]^^ ~^ [W^)^"^ that vanishes along 
the boundary of the square and so that P^[G^] is the product of the Kronecker-5 element of (R*^)*^^ 
with the diagonal Dirac-(5 distribution on the square [to,ii]^^- Simultaneously, we will explicitly 
compute the Green's function in terms of the classical trajectory 7. 

The finite-dimensional integral requires computing y^|det A(2)(c)| and, when A^'^\c) is not 
positive-definite, picking the correct sign. In the infinite-dimensional case, one common approach 
is to use ("-function regularization to compute the analogous quantities [5], but we will not do so 
here. Rather, in Section 2.5 we will declare a value for "Y^|det^(2)(c)|" more-or-less ad hoc. When 
the Lagrangian L is convex along fibers of TW^, the usual arguments (c.f. [25]) guarantee that each 
nondegenerate classical trajectory has a well-defined Morse index, which we use to pick the sign. 
The justification for these choices comes in Theorem 4.0.1. We sum up all the results of the section 
in definition 2.5.3. 

Henceforth, we adopt Einstein's summation convention: piq^ = q^pi = X^iLi Q^Pi (^ X^i^i ™ 
Section 2.1). 

2.1 Finite-dimensional oscillating integrals 

Let A : — t- R be a smooth function with finitely many critical points, and consider the integral 
Jjgjv exp(|>l(a;)) Ax. Under mild assumptions on the growth rate of the gradient A^'^\ the integral 
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converges conditionally for non-zero h. As h goes to 0, for most values of x the integral oscillates 
rapidly, so only small neighborhoods of the critical points will contribute to the asymptotics of the 
integral. Thus to compute the asymptotics of the integral, we take to be a formal variable, and 
expand A in Taylor series around each critical point c of A: 



/ exp ( ^A(x) ) dx V / exp(^^(x))dx (2.1.1) 

^ critical point. c-^---""bhd of c / 

- E X,.-p(lf;^<.)..,„[.-...X-)d. (2.1.2) 

critical points c ''""^ \ n=0 / 

In equation (2.1.2), we have switched coordinates x c + x. We write the degree-three and higher 
terms in the exponential in terms of Taylor series: 

f^y e^^W [ y i- 1 y 1 A^^ , x^^ • • • x^- exp ( ;i x^xA dx (2.1.3) 



We now recall the following elementary fact, provable by, for example, diagonalization and 
integration by parts. Let aij be a positive-definite symmetric bilinear form on R^. Then it is 
invertible, and for any symmetric tensor 



/ —Mi-inX''^ • • • X*" exp ( -■^ajjx'x-^ ) dx 



0, n odd 

Vdet(2™-i)^ (a-i)^^*^ • • • (a-i)^"-!^", n = 2k ^^"^"^^ 

A pairing of {1, . . . , n} is a partition of the set into n/2 blocks of size 2; if n is odd there are no 
pairings, and if n = 2k is even there are n\/{2^kl) pairings. We can sort first the elements of each 
block and then the blocks by first entry; then a pairing is a bijection P : {1, . . . , n} — t- {1, . . . , n} 
such that P{2j — 1) < P{2j) if j < n/2 and P is increasing on {1, 3, . . . , n — 1}. We can generalize 
equation (2.1.4) to the case of an arbitrary tensor bi-^,,,i„- 



j 



6ii...j„x*i • • • x'" exp ( -^aijx'-x^ ] dx 



V'det(27ra-i) ^ 6,^...^ Ja-i)^^W^^(2) • • • (a-i)*^("-i)*^(") (2.1.5) 

pairings P 



A better notation is given by Feynman diagrams, which we define by example. We draw the 
tensor b : (M^)*^" — )• M as a vertex with n upward-pointing edges, and the bivector a^^ G (M^)*^^ 
as an edge: 

h «2 in 

h,-in = \y {a'^T = r\ a pairing: (o) = h,,,,,,,{a-^r' {a-^r^ 



The vertical connections correspond to tensor contractions. 

We observe that in equation (2.1.4), the n\ and 2''k\ terms count the number of symmetries 
of the corresponding diagrams. More generally, each summand in the expanded-out sum from 
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equation (2.1.3) — 



. oo ^ 



m=0 



n=3 



1 + 



+ 



1 



XXX + ^1 /I 



i j k I , 
X X-' X X + . . . 



2!3!2 



(3) 



x^x^x'^ 



+ ... +... (2.1.6) 



— corresponds to some collection of vertices (the 1 corresponds to the empty collection) , the power 
on ih counts the number of vertices, and the factorial prefactor counts the number of symmetries 
of each collection. This suggests the following definition: 



2.1.7 Definition Let A : — )• M 6e a smooth function and c G M.^ a critical point of A such that 
a[^\c) is nondegenerate. Let r]{c) he the number of negative eigenvalues of A^'^\c). The formal 
integral of exp(— (z?i)~"'^^(x)) near c is: 



formal 



exp(— (i/i) ^A(x)) dx 



{2-Kih) 



N/2-(ih)-^A(c), 



{-if^''^ detA(2)(c) 



-1/2, 



-x(r) 



ev(r) 



lAutri 



(2.1.8) 



The sum ranges over combinatorial graphs T with every vertex of degree three or more, x(^) = 
\Vy\ — \Ev\ is the Euler characteristic of V , and |Autr| is the number of symmetries ofT. We 
evaluate ev(r) via the following Feynman rules, and contract indices along each vertical edge, so 
that each diagram is a picture of a tensor contraction: 



ev 



n «2 



-A^.„(c), n>3 



ev 



(2.1.9) 



If B : — )• M is another smooth function, the formal integral J^"^^^^ (ih)^^ B (x) exp(^ — (ih)^^A(x)') dx 
is given by the right-hand side of equation (2.1.8) with one modification: the sum now ranges over 
diagrams with a unique marked vertex of arbitrary valence, with an added Feynman rule for the 
marked vertex: 



B, 



(n) 



n arbitrary 



(2.1.10) 



We have written j^A{x) = —{ih) ^A(x) to make the integrand look more like equation (2.1.5). 
One can derive the (— 1)*^ term by diagonalizing and considering the behavior of the integral under 
A I— )• —A; it picks out a branch of the square root Vdety4(2). When B{c) > 0, one can incorporate 
logi?(x) as an 0{h) correction to ^(x), and then the two definitions agree as power series in h. 
Indeed, if ^(x) = Aq(x) + 0{h) is a formal power series, then the critical points of A differ from 
critical points of Aq by terms of order h, as do the corresponding derivatives. 

Since at most one vertex (the marked one) has valence less than three, the Euler characteristic 
of any diagram in J "^"^^ (i^)~^ B exp{—{ih)~^ A^ is at most 1, and there are finitely many diagrams 
at each characteristic. The precise statement that equation (2.1.8) gives an asymptotic expansion 
of an oscillating integral is: 
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2.1.11 Lemma Let A, B : — )• M 6e smooth functions and C C a compact neighborhood 
containing precisely one critical point c of A, and suppose that the second derivative A^'^\c) is 
nondegenerate. Let I he the value of the Riemann integral J^{ih)~^B{x) exp(— (i?i)~^yl(x)) dx, 

and let Im be the value of the formal integral J^°^"^'^^{ih)~^B{x) exp(^—{ih)~^A{x)) dx with the sum 
truncated to include only those diagrams T with — x(r) < M. Then Lm/I = 1 + o{h^'^). 

For details, see [6]. 

The reader is invited to check directly, without appealing to lemma 2.1.11, that the right-hand- 
side of equation (2.1.8) does not change under a volume-preserving change-of-coordinates on M^. 
For comparison, see Theorem 3.0.1. 



2.2 The classical action and its derivatives 

In this section we recall the notion of functional derivative and use it to write down the derivatives 
of the action. 

We work on the configuration space with tangent bundle TR^ = M^^; the standard coordi- 
nates on TM'^ are (f*, for i = 1, . . . ,d. A (piecewise-smooth parameterized) path in is a 
continuous map 7 : [to, ^i] — ^ such that there exists a finite division to = ''"0 < ''"1 < " " " < ''"n = *i 
with smooth for each j = 0, . . . ,n — 1. We think of the space of paths as an infinite- 

dimensional manifold. For fixed to < ti, the space of paths 7 : [to, ti] — )• is an infinite-dimensional 
vector space, and for fixed qo,qi G M*^, the space of paths 7 with 7(ta) = qa, a = 0,1 is an affine 
subspace thereof; this affine subspace is modeled on the vector space {7 : [to,ti] — )• M.'^ s.t. 7(to) = 
= 7(ti)} of piecewise-smooth loops based at 0. Thus we can identify this loop space with 
the tangent space at any path to the subspace of paths with the same boundary conditions. We 
abbreviate "piecewise-smooth loop based at 0" by based loop. 

A Lagrangian function is any smooth function L : M x TM'^ — t- M. For a chosen Lagrangian 



function L, the corresponding action A assigns to each path 7 : [to,ti 
£L(r,7(r),7(r))dr. 



the number ^(7) 



Let L : M X TM'^ 



be a Lagrangian on 



spending action. If ^ : [to,ti] 



^(7 + = ^(7) + 



and ^ : 7 I— )• f^^ L(t, 7(r), 7(r))dT the corre- 



is another path, then by the chain rule: 




^^^^ + w 

7(r) Oq 



Cir) dr + o(0 



(2.2.1) 



7(t) 



where o(^) is a quantity that vanishes faster than linearly under rescaling ^* 1— t- e^*. Thus we define 
the functional derivative 6A/S'y = ^(^^(7) to be the following linear operator: 



^«(7)-e 

Differentiating repeatedly gives: 



Ap^(7)-e 



ta 



7(r) Oq 



dr 



A 



in) 



,(7)-er..d 



to 



n 

k=l 



Qy^k 



dq 



L 



dr 



7(t) 



(2.2.2) 



(2.2.3) 



These will correspond to the vertices in equation (2.1.9). It should be understood that the partial 
derivatives act only on L and commute with the ^s. For example: 



d^L 



to 



d^L 



dq^dv^ 



ee + 



d^L 



dv^dq^ 



ee + 



d^L 



dq'-dq^ 



CC^ dr (2.2.4) 
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Definition 2.1.7 suggests that equation (1.1.2) should be supported near only those paths 7 for 
which, for any based loop ^, ^^^^(7) • ^ vanishes. Such a path is classical; as is well-known, such 
paths are precisely the classically-allowed trajectories for the mechanical system with Lagrangian 
L. By integrating by parts, a path 7 is classical if and only if it satisfies the Euler-Lagrange 
equations: 



dL 




d 


' dL 






(T,7(r),7(T)) 


d7 




(t,7(t),7(t))_ 



(2.2.5) 



We will always assume that equation (2.2.5) is a nondegenerate second-order differential equation; 
equivalently, we assume that the symmetric matrix ^^^^(r, u,g) is invertible for every {T,v,q) E 
R X TM'^ = R'^'^"'"^. For Newtonian systems, equation (2.2.5) reduces to Newton's law F = ma. 

Our convention is that near a corner of a piecewise-smooth path 7, the velocity 7 is discontinuous 
like Heaviside's step function 0, and the acceleration ■^'j{t) has a discontinuity like Dirac's delta 
function 6{t) = ^G(r). For a path to be classical, we impose the Euler-Lagrange equations even 
at these points of discontinuity, understanding the equation in the sense of distributions. Provided 
dv^dvJ invertible, all classical paths are smooth, by a classical "bootstrapping" argument: 

the acceleration enters only once in equation (2.2.5), as gfi^j ^cT^' '^^^ have a discontinuity 

no worse than the step function, but then 7 is continuous, hence so is etc. 

In definition 2.1.7, we insisted that each critical point be nondegenerate. Let us say that a 
classical path 7 is nondegenerate if, when restricted to based loops, the operator A^'^^ (7) defined 
in equation (2.2.4) has no zero modes. We will describe this operator in more detail and compute 
its inverse in the next section. 



2.3 The Green's function 

Let 7 : [to,*i] — > '^'^ be classical and let : [0,t] — ^ R"^ be based loops. By integrating 

equation (2.2.4) by parts, we have A^'^'^ ■ = ft^ Ci^) dr, where is the second-order 
linear differential operator given by: 





Cir) + ( 

7(r) \ 


' d 












dv^dvi 


7(t)_ 


dq^dv^ 



+ 




dq^dv^ 



7(t). 



+ 



dq^dq^ 




As we mentioned in the paragraph following equation (2.2.5), the second derivative of a piecewise- 
smooth function can have a discontinuity like 5{t), and the integral expression for A^"^^ should be 
understood accordingly. We will show that when 7 is nondegenerate and is invertible, then 
has an inverse. 



2.3.2 Definition LetV he a second-order linear differential operator on the space of paths [ioi^i] — ^ 
R'^. A Green's function for T> is a matrix-valued function of two variables g : [ioj^i]^ ~^ 
Mat(R°') = R"'^ such that 'D[g{q, —)]-j^{T) = 5i.6{q,T) (the product of Dirac's delta function with 
Kronecker's delta matrix), and g(s^, to) = = g{(^,ti), so that g{c^,—) is a based loop for each 
? G [to,ti]. 

Let L be a Lagrangian on R"^ and 7 : [toi^i] — ?• R'^ ci classical path. The Green's function for 
7, if it exists, is the Green's function for the operator V-y in equation (2.3.1). 
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Let us justify the word "the" in the previous sentence. Since A^'^^ ■ = '^^'^^ " CS,, we see that if 
G^j?(?, r) is a Green's function for V^, then so is G-1^{t, <j). Now suppose that G, G' are two Green's 
functions for P^, and consider • G(?, — )G'(— , ?'). By integrating by parts, this equals both 
G(?,?') and G'(?,?'). Moreover, by uniqueness, we see that 7 cannot have a Green's function if it 
is not nondegenerate. We will prove the converse in proposition 2.3.9. 

The best way to solve an inhomogeneous linear differential equation, if the solutions to the 
corresponding homogeneous equation are known, is to use the method of "variation of parameters," 
which works for matrix- valued functions just as well as it does for scalars: 

2.3.3 Lemma LetT> be a second-order linear differential operator on the space of paths [tQ,ti] — t- 
of the form T>[ipY = (p-' + Bjip"^ + Cjip"^, where B,C are smooth matrix-valued functions on 
[tQ,ti]. Suppose that there are functions 4'°' : [to,ti] — )• Mat(M'^), a = 0, 1, satisfying V[(j)°-] = with 
boundary values 4>'l'^{tb) = (5^5^ (here the indices i,j, k range from 1, . . . , d, but a,b £ {0, 1} ). Then 

the 2d X 2d matrix M{t) = ^^o| | ^^(^)) invertible for each r G [to,ii]- Let V'OjV'i • [^Oj^i] ~^ 
Mat(R°') comprise the right d x 2d half of . The function g : [to,ii]^ — > Mat(R") given by 

gli,, r) = e(r - <A°'*(r) - e(, - r) c/>]'^(r) ^{ (2.3.4) 

is a Green's function for T> . (In equation (2.3.4), © ^-^ Heaviside's step function.) 

Proof We first prove that M(r) is invertible for each r. A solution ip^r) to T>[{p] = with ip{to) = 
is determined by (pito), and thus T> determines a (constant) matrix D satisfying Djip^{tQ) = 
ip^{ti). In particular, Z)^(/)^'*(fo) = (p].''' {ti) = Si, and so ^l.'^{to) has full rank. Thus M{to) = 

) 0i(t )^ invertible. By Liouville's formula, det M(r) = exp(— /^^ tr i?) det M(to), and 

in particular it is never 0. 

The boundary conditions for g are immediate — the ipa satisfy ipoito) = = 'ipi{ti), because by 
definition (j)^'^ {t)'iIPq j^{t) + 0j'*(r)?/'j ^(t) = — and g is continuous near the diagonal = r for the 
same reason. Finally, one must check the derivatives of 5, but the only terms in T>[g] that survive are 
5(r-,)<^°'^(r)V^,,(0 + 5(r-,)<A]''(r)V'lfc(<^) = 5{t-c,)51 because <A°'*(r)V'^,,(r) + <Aj'^(r)Vl,(r) = 

To show that solutions to = 0, (/>'^(tfe) = 5^ exist when 7 is nondegenerate, we use the 

following fact (we reproduce the proof from [16]): 

2.3.5 Lemma Let tt : £ ^ B be a smooth bundle, where B is a finite- dimensional smooth manifold 
and £ is a possibly-infinite- dimensional smooth manifold. Let f : £ be a smooth map. For each 
b £ B, consider the restriction /|7r-i(b) of f to the fiber Tr~^{b) C £. Define C ^ £ to be the set of 

c £ £ so that {f\n-'>-{n{c))Y^\'^) =0 — here 7r~^(7r(c)) is the fiber containing p, and (/|^-i(^(j,)-))*-^'' 

is the first derivative of f along the fiber, so that (/|7r-i(7r(c)))^^''(c) £ T* (7r^^(7r(c))) . Assume that 
C is a manifold of the same dimension as B. 

Let c £ C be nondegenerate in the sense that the second derivative (/|7r-i(7r(c)))^^''(c); thought 
of as a map Tc(7r~-'^(7r(c))) — t- T* (7r~^(7r(c))) , has zero kernel. Then 7r|c : C ^ B is a local 
diffeomorphism near c G C; i.e. there are open neighborhoods c £ U C and 7r(c) £ O B with 

Proof Since the statement is local, to save space we restrict B to an open neighborhood of 7r(c) 
and choose a trivialization £ = J- x B, so that we can identify all fibers 7r~^(6) with J^. Then for 
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e G 1?, the sequence F ^ £ ^ B gives a short-exact sequence kervr = T^F — )• T(.£ — )• T^(g);B. 
The function f : £ ^ ^ defines a map /(^^ = d/ : Tf" ^ TR = M x M, and C = {c G .5 s.t. the 
restriction of d/ to T^J^ is 0}. 

Pick c G C Then /^^^ determines a hnear map h : TciS — )• T*J^, which deserves to be called the 
Hessian; it transforms as a tensor because /^^^^ vanishes on T^J^. The key fact is that T^C C ker /i, 
easily checked by considering the derivative of /^^^ along paths in C. But c is nondegenerate if and 
only if TcJ-" H ker h = 0. Thus if c is nondegenerate, then dvr : T^C — t- T^^^^^S is an injection. On 
the other hand, by assumption the dimensions of TcC and T^(c);B agree, so d7r is full-rank and vr is 
a local diffeomorphism. □ 

Suppose that L is a Lagrangian on M*^ such that the matrix gf^^j (t, 'V, 5) is invertible for every 
(r, G M X TM*^. Then a classical path 7 : [toj^i] — ^ I^*^ is determined by its initial conditions 
(7(to), 7(to)) G TM'^. Let flow : E x M x TE"' ^ E x E'^ x E x E'^ be the smooth function satisfying 

flow(to,ti,7(to),7(*o)) = (io,7(*o),*i,7(*i)) 

for classical paths 7 — we write this as having domain E^ x TE'^, but of course really the domain 
is some open neighborhood in E^ x TE*^ containing {{tQ,ti,v,q) s.t. to = ^i}- 

2.3.6 Definition Let L : E x TE — )• E 6e a Lagrangian such that -q;^ is everywhere invert- 
ible. A classical path 7 : [toi^i] ~^ is nonfocal if the function flow defined above is a local 
diffeomorphism near (to; 7(*o)) 7(*o)) G E^ x TE'^. 

In fact, it suffices that for fixed tQ,ti the function ?Low]^to,ti] '■ TE"^ — > E"^ x E'^ be a local diffeomor- 
phism near (7(to), 7(^0)) j as this is clearly an open condition in tQ,ti. 

By identifying classical paths with their initial conditions (and domains), we see that a classical 
path 7 is nonfocal if and only if it extends to a family of classical paths smoothly parameterized by 
"Dirichlet" boundary conditions. More precisely, if 7 : [toj^i] ^ is classical and nonfocal, then 
there is an open neig hborhood O of (to, 7(^0), ^i, 7(^1)) G E x E"^ x E x E'^ and a smooth function 

7 : {{to,qo,t[,qi,T) G M.^'^+^ s.t. {t'o, qo,t[, qi) G O and r G [t'o,t[]} ^ E"^ 

with the following properties: (i) for each {tQ,qo,t[,qi) G O, the path ^{tQ,qo,t[,qi;—) is classical; 
(ii) for a = 0, 1, we have 7(^0, ^i, gi; ^a) = Qa] (iii) 7(^0, 7(*o), 7(*i); -) = 7- 

Henceforth we will drop the "s and 's, and we will feel free to confuse nonfocal classical paths 
with their extensions. Let 7 be a nonfocal classical path and O the corresponding neighborhood in 
j^2d+2 fjij^gj^ ^]^g corresponding Hamilton principal function 5^ : O — >^ E is: 



S-y{to,qo,ti,qi) = A{'y{to,qo,ti,qi;-)) = / L(t, 7(^0, ^i, gi; t), 7(to, 90, ^i, gi; t)) dr (2.3.7) 

Jto 



Here and throughout by ^{to,qo,ti,qi;T) we mean ^{to,qo,ti,qi;T). The following equations are 
well-known, and can be checked by differentiating under the integral and applying equation (2.2.5): 



dS^ _ dL 
dqo dv 



(.r,v,q) = {to,j{to),^{to)) 



dS^ _ dL 
dqi dv 



(2.3. 

{T,v,q) = {tiMtl)Mtl)) 



2.3.9 Proposition Let L be a Lagrangian on E'^ with everywhere invertible, and let 7 6e a 
classical path. Then the following are equivalent: 



12 



1. 'J is nondegenerate. 



2. 7 is nonfocal. 

3. A Green's function exists for 7. 
Moreover, G-y is given explicitly by: 



^7* 



dqidqo 



-1 



M 



(57* 



dqodqi 



dq[ 



(2.3.10) 



In equation (2.3.10), the indices on the inverse matrix are given by: ((^^' 



kl 



Proof We argued already (in the paragraph following definition 2.3.2) that 3 implies 1. To show 
that 1 implies 2, we use lemma 2.3.5: we let £ be the space of all paths in (with arbitrary 
domain), B = x x R x with the natural projections, and f = A. Then C is the set of 
classical paths, and it is a naturally a {2d + 2)-dimensional manifold (in fact, an open subset of 

X TR*^) by the remarks before and after definition 2.3.6. Finally, to show that 2 implies 3, we 
observe that if 7 is nonfocal, then the paths 4>^^ = |^ satisfy = and 4>^^{tb) = ^kK- 

To apply lemma 2.3.3, we use the fact that if A : [to,ti] — )• Mat(M'^) is a smooth function such 
that A{t) is invertible for every r, then a Green's function for A-^ + AB-^ + AC is given by 
G(<j, r) = 5f(?, r)(^(?))~^ , where g is the Green's function from lemma 2.3.3. 

Therefore, taking advantage of the Einstein index notation to permute some factors and adopt- 
ing the notation of lemma 2.3.3, the Green's function for 7 is given by: 



G^^-(?,r) 



7(f) 



ik 



dql 



+ 



7(?) 



ik 



dq\ 



But G^^{<^,t) = G^^{T,q) by the symmetry of A'^'^\ and so rja = (^(^|^) ^) i^l^k ^ solution 



to Vijlrfd] 

conditions, we see that: 



and therefore a linear combination of the (f)^ — 



7{?) 



ik 



V'0,fc(?) 





By checking the boundary 



Akiti) 



^(. 

dql 




(2.3.12) 
(2.3.13) 
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Finally, we should study 



jk 



and 



'dv^\'r{to)J 



dq 



The 



r^2 J 

former is the inverse matrix to „ j „ 



(h). But: 



d 


dL 












7(ti). 




7{ti) 9ql^ 



+ 



7(ti) 



rih) 



ih) (2.3.14) 



since 



dqo 



dqi 
dqo 



0. Then equation (2.3.8) completes the proof. 



□ 



2.4 The Morse index of a classical path 

Finally, let 7 be a classical path; then A^'^^ (7) is a symmetric bilinear pairing on the space of loops 
based at 0. The Morse index 7/(7) is the maximal dimension of any subspace of the space of based 
loops for which ^^■^^(7) is negative definite. To show that 7/(7) < 00, we reproduce the classical 
argument (c.f. [25]). 

2.4.1 Lemma Let V be any vector space and A : V (8) V — s- M a symmetric pairing. Suppose that 
A is negative- definite on a finite- dimensional subspace V_ C V, and that V_ cannot be extended 
to any larger subspace on which A is negative-definite. Then any subspace of V on which A is 
negative-definite has dimension at most dimV-. 

Proof It suffices to consider the kernel (V_)^ of the map V — t- (V_)* given hy v ^ A{v,—). If 
W C V has dimension > dim V_ = dim(V_)*, then it intersects nontrivially with (V-)"*" as it cannot 
inject into (V_)*, but if u G W fl (V-)-^ has A{v,v) < 0, then A is negative-definite on V_ © ■uM.D 

2.4.2 Proposition Pick a Lagrangian L on and let 7 : [toi^i] '^'^ be classical. Suppose 
that the symmetric matrix gf^^j (''"; 7(''")i 7(''")) positive- definite for each r G [to)^i]- Then for 
sufficiently fine subdivisions to = tq < ti < ■ ■ ■ < Tn = ti of the interval [tQ,ti], the pairing A^'^^'j) 
is positive- definite on the space of paths ^ with ^(r^) = for k = 0, . . . ,n. 

Proof We will find e > so that the statement holds whenever Tk — t^-i < £• Let V be the 
space of based loops with domain [to,ti]. The space of paths ^ G V that vanish at each 
splits as a direct sum = 0^=1 Vfc, where Vk is the space of based loops with domain [rfc_i,rfc], 
and the direct summands are mutually orthogonal with respect to the pairing A^^Hj). Thus it 
suffices to show that ^^^^(7) • > whenever ^ G V has support a subinterval of [to)^i] of 
length less than e. Upon integrating ^^^^(7) • by parts, the integrands cancel out, so for 
C'ij(^) = w(7(^)) - a7[a^(7(^))], there is some t' G [0,t] such that: 

e{T)eiT) + aj{r)e{r)e{r)] dr (2.4.3) 

7{r) / 

Let Ai > be the minimal eigenvalue of gf^^j {tj Ht) ■>!{''')) t ranges over [to>^i], and let 
A2 > be the maximum eigenvalue of the —^{Cij{T) + Cjj(r)) for r G [toi^i] (if C is always 
positive-semidefinite, then proposition 2.4.2 is trivial). Then: 

^('^(7) • > (Aile(r)l' - A2|C(r)|') dr > Ai J^' ^)ar)fdT - eAa sup (2.4.4) 



dv'^dv^ 
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But by the Cauchy-Schwarz inequality, |e(^)PdT > K//,'^' \^{r)\dT)^ > 7(2sup Thus: 

A^'Hl)-CC>(--eX2) sup |e(r)|' (2.4.5) 

V ^ / Te[t',t'+e] 

Taking e < \/AiA2 completes the proof of proposition 2.4.2. □ 

Thus within the space V of based loops with domain [toi^i] we have found a large subspace 
Vf? on which ^^^^^(7) is positive-definite. The restriction of 7 to each interval [Tk-i,Tk] gives a 
nondegenerate classical path 7^. Let W C y be the space of based loops ^ that are solutions to 
= except at the times Tk, k = 1, . . . ,n — l, where is the second-order differential operator 
from equation (2.3.10). By proposition 2.3.9, such a path ^ depends only on its values at the times 
Tfc, so that W = (M'^)®("~^). The vector spaces W and are mutually orthogonal with respect to 
A^'^^ (7), and yV (BVf = V. Since A^'^^ (7) is positive-definite on V, any subspace of V ® W on which 
it is negative-definite cannot have dimension greater than that of W. In particular: 

2.4.6 Corollary Let L be a Lagmngian function on M*^ so that the matrix q^q^j (t, v, q) is positive- 
definite for each {t,v, q) £Rx TW^. Then every classical path has finite Morse index. □ 



2.5 The diagrammatic definition of 



We proposed to define the path integral of equation (1.1.2) in analogy with definition 2.1.7, and 
so in Section 2.2 we described the derivatives of the action A and in Section 2.3 we described the 
Green's function for A^'^\ We recap those formulas, and declare Feynman rules for the formal 
path integral supported near the classical nonfocal path 7 : [to,ii] — ^ with 7(^0) = Qa- 



ev 



L 



dt (2.5.1) 



(7(T),7{r)) 



ev 



G'y(c^,T) = G(r 



oqf 



f d\-S,) 
V dqidqo 

+ e(? - r) 



kl 



dq^ 



dqodqi 



kl 



'dq' 



j{t) (2.5.2) 



Continuing to copy equation (2.1.8), in Section 2.4 we defined the Morse index of a classical 
path and proved that it is finite provided the matrix ^iQ^j is everywhere positive-definite. We 
have only to define the "dimension" of the space of based loops, and the "determinant" of ^^^^(7). 

det 



We make these definitions ad hoc: dimjbased loops in R*^} = —d and Idet^*^^-*] = 
The justification will come in Theorems 3.0.1, 4.0.1 and 5.2.1. All together, we have: 



dqodqi 



2.5.3 Definition Let L be a Lagrangian on the configuration space M"* such that the matrix ^:^{t, v, q) 
is positive definite for every (r, v,q) G M x TM'^, and let 7 : [to, ti] — >• M'^ 6e a nonfocal classical path, 
extended to a smooth family of classical paths parameterized by the Dirichlet boundary conditions 
7(^0) = '70 o-i^d 7(^1) = qi- Then the formal path integral supported near 7 is: 



U^{to,qo,h,qi) = {2mh) 



exp( jS^{to,qo,ti,qi) ) (- 



det 



d^-s., 



dqodqi 



E 



(i/i)->^(r) ev(r) 

|Autr| 



(2.5.4) 

The sum ranges over combinatorial diagrams in which all vertices have valence at least three, and 
ev(r) is evaluated via equations (2.5.1) and (2.5.2). 
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We have not yet proved that the Feynman diagrams evaluate to finite numbers — in general there 
are ultraviolet divergences, and one hopes that they cancel, as we will discuss in Section 5. 

We foreshadow one remark about definition 2.5.3, because it is worth emphasizing. Our ad hoc 
choice for the determinant is justified, in the sense that Theorem 4.0.1 holds, only when the ultravi- 
olet divergences in the Feynman diagrams exactly cancel. In Theorem 5.2.1, we will prove that this 
is the case when the Lagrangian L is quadratic in velocity — L(t, v, q) = ^aij{T, q) v'-v^ +bi{T, q) f* + 
c{T,q), and so by the condition that g'^ig^j = cnj is positive-definite, a is some Riemannian metric 
on — and det a(r,g) is constant on R"'^^. But we know of no other situations in which the 
ultraviolet divergences cancel. We believe therefore that equation (2.5.4) is incorrect when there 
are ultraviolet divergences, and that there should exist a similar expression with a different choice 
of determinant, but we do not know what it would be. 

3 The formal path integral depends only on the volume form 

Our goal in this paper is to define a "formal path integral" on a possibly curved manifold, provided 
only the data of a configuration space M with volume form, a classical Lagrangian L, and a 
distinguished path 7. Definition 2.5.3 gives the formal path integral when J\f = W^, but this 
definition a priori depends on the choice of coordinates. In this section, we show that it is invariant 
under volume-preserving changes of coordinates, so that definition 2.5.3 can be applied whenever 
the classical path 7 can be contained within a single coordinate patch. In particular, we will prove: 

3.0.1 Theorem Let O he a star-shaped open neighborhood, and f : O a locally volume- 

preserving smooth function. Pick a Lagrangian L : M x TM*^ — )■ M and a path 7 : [toj^i] — ^ C such 
that 7 = / o 7 is a classical nondegenerate path for L, and let he the formal path integral defined 
in definition 2.5.3 for (7, L). Let L = L o (id, d/, /) : M x TO — )• M and write Ux^ for the formal 
path integral for (7,L). Then U^ito,qo,ti,qi) = U-y{to, f{qo),ti, f{qi)) for qo,qi £ O. 

In fact, / can depend explicitly on an external time parameter, but we prefer not to bog down the 
notation. Theorem 3.0.1 is proved in slightly more general (and less precise) form in [14], including 
the case of time-dependent changes of coordinates. We reproduce the proof here, rewriting it to 
apply more directly to the situation at hand. 

We will use coordinates q,qi, . . . for points in O, and q, . . . for their images under / in W^. A 
smooth function is locally volume-preserving if when restricted to small enough neighborhoods it 
is a volume-preserving diffeomorphism; equivalently, / is locally volume-preserving if |det|g| = 1. 

Recall that / : O — R"^ is orientation-preserving if det ^ > 0. A neighborhood O C R'^ is 
star-shaped if G O and for each q £ O, we have sq £ O for all s G [0, 1]. 

Upon inspection of equation (2.5.4), the following is clear: the dimension, Morse index, and 
classical action terms are invariant under arbitrary changes of coordinates; the determinant term 
is invariant under volume-preserving changes of coordinates; and the individual Feynman diagrams 
are invariant under affine changes of coordinates. Therefore to prove Theorem 3.0.1 we need only 
to consider the sum of diagrams, and by composing / with various affine maps, we can suppose 
that /(0) = and g:(0) = 5i. 

In Section 3.1 we will prove a lemma that allows us to reduce Theorem 3.0.1 to the case when 
/ is an infinitesimal change of coordinates. In Section 3.2 we perform a diagrammatic calculation 
to verify Theorem 3.0.1 in the infinitesimal case. 
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3.1 Oriented- volume-preserving maps are homotopic to the identity 



In this section we find a smooth homotopy among locally volume-preserving maps between the 
function / considered above and the identity map O ^ M'^. 

3.1.1 Lemma Let O C M*^ he a star-shaped open neighborhood, and suppose that f : O ^ is 
orientation- and locally-volume-preserving. Suppose furthermore that /(O) = and ^(0) = Sj. 
Then there exists a smooth function F : [0, 1] x O — )• such for each s G [0,1], F{s,—) is 
orientation- and locally-volume preserving with F(s,0) = and ^j-{s,0) = 5j, and such that 
F{0,q)=q andF{l,q)=f{q). 

Proof Let /'* = Then f : O ^ Mat((i) satisfies the following conditions: 

/';.(0) = <5;. det/' = l -±1 = ^ (3.1.2) 

By the fundamental theorem of calculus, since O is connected, the function / : O — t- R'^ is completely 
determined by /' and /(O) = 0. Conversely, since O is simply-connected, any /' satisfying the last 
of the above three conditions determines some function f : O ^ R*^ with /(O) = and /' = f^i by 
the middle condition, / is locally-volume-preserving. 

For / as in the lemma, let F' : [0, 1] x O — ^ R'' be given by F'{s,q) = ^{sq); this is well- 
defined since O is star-shaped. Then for each s G [0,1], /' = F'{s,—) satisfies the conditions in 
equation (3.1.2); the third follows by the chain rule. Therefore, for each s £ [0, 1], there is a unique 
function F{s,—) : O — R*^ with ^ = F' and F(s,0) = 0, and F is smooth in s. When s = 1, 

F{l,q) = /(g), and when s = 0, we have F(0, g) = q, as ^^(0,g) = F'*(0, g) = 5y Therefore F is 
the desired homotopy. □ 



3.2 Proof of Theorem 3.0.1 

By lemma 3.1.1 and the remarks following the statement of Theorem 3.0.1, we can suppose that 
our volume-preserving function is homotopic to the identity: there is a function F : [0, 1] x O — )• R"^ 
so that for each s G [0,1], F{s,—) is locally volume-preserving. Then E = ^ makes sense 
as a vector field on F{s,0), and in particular determines a family of locally- volume-preserving 
functions F{si, S2, — ) with F{0, s, — ) = F(s, — ) and F{si, S2, — ) o F{so, si, — ) = F{so, S2, —)■ Let 
L** = Lo (dF(0,s,-),F(0,s,-)) be a La grangian on F(0, s, O), and let 7* = F(s, 1, — ) 07. Let 
be the formal path integral for L'^ and its classical path 7'^. Then = U and = U, and so to 
prove Theorem 3.0.1, it suffices to show that ^ [C^^] = 0. 

And for this, it suffices to consider Theorem 3.0.1 when / is an "infinitesimal change of coordi- 
nates". I.e.: f{q) = q + eE{q), where E is a fixed vector field on O and = 0. We will also make 
the following abuse of notation: we denote the map 7 1— )• / o 7 on the space of paths in O by the 
same letter as we use for the function f : O ^ O. With all these assumptions and notation, the 
Feynman diagrams in the path integral U are based on the action A = Ao f~^^ which is the action 
determined by the Lagrangian L. As we can ignore terms of order e^, we have f~^{q) = q — eE{q). 

Recall now the generalized chain rule of Faa di Bruno [11]: 

(^o (6^5 en) = E M^i'i^o/-^) •(8)((r^)^'^'^-(8)o) (3.2.1) 

partitions S of {l,...,n} sgS jGs 
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By a partition of {1, . . . ,n}, we mean a collection S of nonempty subsets of {1, . . . ,n} that 
are pairwise disjoint and whose union is {l,...,n}. The partition determines how to contract 
(abbreviated "•") the tensors in equation (3.2.1). We introduce the following Feynman rules: 




= -^W(7)-(ei®-- 
^^(r')^"^(7(x))-(6(x) 



■ ■ ■ U^))} e T^{T{Q ^ X)) 



Then equation (3.2.1) reads: 




(3.2.2) 
(3.2.3) 

(3.2.4) 



The sum ranges over isomorphism classes of diagrams with ordered leaves but unordered |/~^| 
vertices. The • vertex can be of arbitrary valence (non-zero, if the left-hand-side has non-zero 
valence), and each |/~"^| vertex has one output strand and at least one input strand. The © vertex 
on the left-hand side and the \,f~^\ vertices on the right hand side are evaluated at 7, and the • 



vertex on the right hand side is evaluated at 7 = / 



Given that / ^{q) = q — eE{q), we have: 




Keeping with our conventions, the \E} vertices are the obvious derivatives. Moreover: 



+ 0(6^ 



(3.2.5) 



(3.2.6) 



Finally, we consider the sum of diagrams in U, and show in three steps that the extra diagrams 
— those with \E\s — cancel to first order in e. The first step in the cancellation is essentially 
immediate: the extra diagrams in equations (3.2.5) and (3.2.6) appear with opposite signs, and the 
symmetry factors | Aut r| work out, so we can cancel the diagrams from equation (3.2.6) with those 
from equation (3.2.5) in which the \E\ vertex has precisely one input string. The second cancelation 
is almost as quick. The path 7 is classical, and the Green's function is a based loop in each variable, 



so: 










n > 1 



(3.2.7) 



After the first cancellation, diagrams with either side of the first part of equation (3.2.7) appear 
exactly when the \E\ vertex has at least two input strings, and diagrams with a component like the 
second part of equation (3.2.7) appear whenever the \E\ vertex has at least three incoming strings. 
But by equation (3.2.7), all these diagrams cancel. 

Only in the final cancellation does the fact that / is volume-preserving play a role. After the 
cancelations in the previous paragraph, the remaining diagrams with Els in them have components 
of the form: 



, n>l 
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(3.2.8) 



But f(q) = q + eE{q) is volume-preserving up to O(e^) if and only if = 0, and by definition 2.3.2 




t Qn 

m^r- TTT 

ag-^i . . . ag-?" 



This completes the proof of Theorem 3.0.1. 



g=7(r) 



dT = - [ 5(0) • = 
Jo 



(3.2.9) 



□ 



4 A Fubini theorem for formal path integrals 

In this section, we prove the following "composition law" for formal path integrals: 



4.0.1 Theorem Fix a Lagrangian L on the configuration space M."" with everywhere positive- 
definite. Let 7 : [toi^i] — ^ 1^"^ be classical and nonfocal, and pick t G [^Oj^i] such that both restric- 
tions 7o = 7|[to,t] '^''^d 7i = 7|[t,ti] are nonfocal. Then 7(t) is a nondegenerate critical point for 
S-yo{to, Qo,ti —) + S^-^{t, —,ti,qi). Furthermore, suppose that the formal path integrals for L have no 
ultraviolet divergences. Then: 



formal 



7(t) 



UyQ{to,qo,t,q) Uy^{t,q,ti,qi)dq = U^f{to,qo,ti,qi) 



(4.0.2) 



The integral in equation (4.0.2) is as in definition 2.1.7. 

Theorem 4.0.1 provides justification for definitions 2.1.7 and 2.5.3 and so is interesting in its own 
right. But it also indicates how to define formal path integrals in the absence of global coordinate 
systems. Let J\f be some classical configuration space with Lagrangian L and volume form dVol, 
and let 7 be a classical nonfocal path in M. By [25], sufficiently small pieces of 7 are nondegenerate, 
and by [26] each sufficiently small piece can be included in a coordinate chart such that dVol is 
the pullback along the chart of the canonical volume form on M'^'™-'^. (In [26] this is proved even 
if dVol is allowed to depend on the external time parameter r, provided the coordinates also are 
allowed to depend on r.) Then we can calculate the formal path integrals for each piece, and by 
Theorem 3.0.1 their values do not depend on the chosen charts. To define the path integral for 7, 
we follow equation (4.0.2) and integrate the contributions from each piece. By interleaving different 
ways to cut 7 into short pieces, we see via Theorem 4.0.1 that the total path integral for 7 does 
not depend on the choice of cuts. 

In Section 4.1 we prove the first part of Theorem 4.0.1 and verify equation (4.0.2) up to a 
factor of (1 + 0(h)). We introduce some more notation to our Feynman diagrammatic repertoire 
in Section 4.2 and use it to study the derivatives of the function U^{to,qo,ti,qi). A diagrammatic 
calculation in Section 4.3 verifies equation (4.0.2) to all orders. 

For reference, we recall definitions 2.1.7 and 2.5.3. We have, suppressing the ta-dependence: 



Uf{qo,qi) = {2mh) 



-d/2 



exp( 



-{ih)-'S,{qo,qi)){-l)^'-^^^ 



det 



d^[-Sj 

dqodqi 



E 



(i^)->^(r) g^(r) 



lAutri 



(4.0.3) 
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In equation (4.0.3), the Feynman diagrams are evaluated via the Feynman rules in definition 2.5.3. 
On the other hand: 



f formal 



'qcr{qo,qi) 



formal 



'gcr(go,i?i) 

X (27rin)-'^/2 



(2^i?i)-'^/2 gxp(-(i?i)-i5^„ ((70, g)) ' 



det 



92 [-5, 



70 J 



dqodq 



^ (in)-x(r) ^^^(r) 



lAutri 



exp 



{ih) ^S^^{q,qi)). 



det 



dqdqi 



lAutri 



X exp(— (i/i) ^(5^„((7o, (Z) + Sj{q, qi)) x 



dqodq 



1/2 



det 



71 1 



dqdqi 



1/2 



det- 



52 [S'^g + S-y-^ ] 



dq^ 



'1/2 



l + Y,] (4.0.4) 



In equation (4.0.4), the Feynman diagrams in the middle-hand side are evaluated via the Feynman 
rules "eVfl" for U^^. The right-hand side is evaluated at g = qcriqo, qi) a critical point of S.yg{qo, —) + 
S'^i(— ,gi), provided it can be chosen uniquely and is nondegenerate. The sum of diagrams on the 
right-hand side follows complicated Feynman rules that we will write out in Section 4.3, and involves 
both the Feynman rules from definition 2.5.3 for U^^ and the Feynman rules from definition 2.1.7 
for the integral. 



4.1 The classical composition law 

In this section we prove the first statement of Theorem 4.0.1. We also verify equation (4.0.2) to 
within an accuracy of a factor of (1 -|- 0(h)): the product of determinants is correct, and the Morse 
indexes match. We begin with the classical composition law for Lagrangian mechanics. 

4.1.1 Lemma Let L : M x TM.^ -^M. be a Lagrangian such that is everywhere positive definite. 
Fix to < t < ti and choose open neighborhoods Oo,0,0i C M''. Suppose that we have families 
7o : Oq X O X [tQ,t] — > and 71 : O x Oi x [t,ti] — > M*^ of classical paths — i.e. for each 
{qo,q,qi) € Oq x O x Oi the paths 'yo{qo,q', —) and 7i(g, Q'l; — ) are classical. Define the Hamilton 
principal functions Sa = -^(7a) for a = 0, 1. Then the critical points of So{qo, —) + Si{—,qi) are 

M!^ given 



precisely those points q & O such that the "glued-tog ether" path j{qo,q,qi', 
by 

ioiqo,q;T'), T<t 
^ii{q,qi;t), T>t 

is smooth and classical. 



■ [to,ti 



7(90, 9, 91; t) 



(4.1.2) 



Proof The Euler-Lagrange equations are local and closed in r, so "y{qo, q, qi] —) is classical if it 
is smooth. Since the Euler-Lagrange equations are nondegenerate second-order, ^{qo, q, qi] —) is 
smooth if and only if 7o(gO) q', t) = 7i(9, qi] t)- But recall that L is convex on fibers of TM*^ — >• R"', 



as is positive-definite. Therefore: 



dv' 



dL 

dv 



{T',vo,q) 



dL 

dv 



if and only if vo = vi. 



(4.1.3) 



However, ^{t,%{t),jo{t)) = ^{qo,q), and ^{t,ji{t),-fi{t)) = -9^{q,q,). Thus 70(90, 



dq 

ii{Q,Qi;t) if and only if -§^[Soiqo,q) + 51(^,^1)] = 0. 



□ 
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4.1.4 Lemma Suppose that 7,70,71 are as in the statement of Theorem 4-0.1, and define the cor- 
responding Hamilton principal functions S^{qo,qi) = S-y{to,qQ,ti,qi), So{qo,q) = S.yQ{to,qo,t,q), 
and Si{q,qi) = S^-^^(t,q,tl,ql). Moreover, set qcriQOiQi) = "y(to,qo,ti,qi;t). Then qcr is a nonde- 
generate critical point for So{qo,—) + Si{— , qi) , and: 



-1 



M 



dqidq{ dq^dq^ dq^dq[ clqdq 
Proof The additivity of the action together with lemma 4.1.1 provide: 





<?=gcr 



dSo , , dS\ 



dq 



dq 



g=gcr((jo,gi) 



(4.1.5) 

(4.1.6) 
(4.1.7) 



We evaluate the second derivative of equation (4.1.6) with respect to qo,qi: 



dqidq{ 



d^So dqi 



+ 



d'^Si dq^, d'^[So + Si] dq^,dqi, dSo d'^qj 



r + 



dSi d^q[ 



dqidq^ dq{ dq^^dc^ dql dq^Oq^ dq^ dq{ dq^ dqldq[ dq'' dqidq{ 



(4.1.8) 



The sum of the last two terms vanishes by equation (4.1.7). Differentiating equation (4.1.7) with 
respect to qo or qi gives: 







92^0 ^d^[So + Si]dq: 



q=qcv 



d^Si ^d^[So + Si]dq[, 



dqkdq{ dq'^dql dq{ 



(4.1.9) 



dqldq' ' dq'^dq' dq^ 

Since 70,71 are nonfocal, the matrices Qg^g^ and 
equation (4.1.9) are as well. In particular, qcr is a nondegenerate critical point of Soiqo,—) + 
5'i(— ,gi). We rearrange equation (4.1.9): 



J q=qcT 

are invertible, and so the other terms 



dqcr _ 


d'So f 




dql 


dq^dq'^ V 


\dq^ 


dq[r _ 






dq{ 


dq^'dqi \ 


\dq^ 



-1 



[5o + Si] 



kl 



kl 



q=qcT 



q=qc 



(4.1.10) 

(4.1.11) 

□ 



Substituting equations (4.1.10) and (4.1.11) into equation (4.1.8) gives equation (4.1.5). 

Since Qcr is nondegenerate as a critical point, the formal integral J^"^™^^ U■y^^U^|^ is well-defined. 
Moreover, the absolute value of the determinant of the left-hand side of equation (4.1.5) is the 
square of the degree-zero part of U^{qo,qi), whereas the absolute value of the determinant of the 
right-hand side is the square of the degree-zero part of J^°™^^ jj^^ jj^^ . Recall that the formal integral 



J orma introduces a factor of (lirih)'^/'^ . Then to confirm that J 



formal 



X {i + o{h)), 



we need only to check the (—1)^ factors that appear in definition 2.1.7 and equation (2.5.4). 

4.1.12 Lemma Let 7 : [toj^i] ~^ '^'^ classical and nonfocal with nonfocal restrictions 70 : 
[to,t] — )• and 71 : [t,ti] — )• M'^, as in Theorem 4-0.1, and with Morse indexes ri{l)iV{lo),'n{li)- 
Let ri{qcr) be the Morse index of qcr = 7(i) with respect to the function q 1— )• So{qo,q) + Si{q,qi). 
Then r]{-f) = 77(70) + r/(gcr) + ^7(71). 
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Proof Recall that for any nonfocal classical path, by lemma 2.4.1 its Morse index is the dimension 
of any maximal subspace of the space of based loops on which A^'^'^ is negative definite. On the 
other hand, r]{qcr) is the dimension of any maximal subspace of MJ^ on which the Hessian ^ ^ag^*^^^ 
is negative definite. For a = 0, 1, there are natural embeddings that extend based loops by 0: 

exto : {based loops with domain [to,*]} ^ {based loops with domain [to,ti]} 
exti : {based loops with domain ^ {based loops with domain [to^^i]} 



Define also the map extcr : — )• {based loops with domain [to,ti]} by: 

extcr(x)*(T) = 



r>t 

The continuity of exjpf,j.{x) follows from the equality -^{t) — a = 0,1. 

Then for a = 0, 1, it's clear that A^^\j) ■ exta(C) exta(C) = -^^^Hla) ■ CC- Moreover, A^^'^i'y) ■ 
extcr(a;) extcr(2) = ^-^^~^x^z^, by equation (4.2.17) or by direct calculation. On the other 
hand, the images of the various extension maps are orthogonal: A^'^^'y) ■ exto(^) exti((^) = = 
^(^^(7) • exta(^) extcr(-z)- Let Vq (resp. Vi) be some maximal subspace of the space of based 
loops with domain [to,t] {[t,ti]) on which ^(^^(70) (.4(^)(7i)) is negative definite, and let Vcr be a 
maximal subspace of M*^ on which ^ ^ag^"^^^ negative definite. Then A^'^^ (7) is negative definite 
on exto(Vo) + extcr(Vcr) + exti(Vi). Thus 77(70) + ??(fc) + 7/(71) < 7/(7). 

On the other hand, let 

reso : {paths with domain [to,ti]} -» {paths with domain [toi^]} 
resi : {paths with domain [^0,^1]} {paths with domain 

be the natural restriction maps. If ^ : [^Oi^i] — ^ I^'^; Co '■ [io^t] — ^ I^'^j and Ci : [^,^1] are based 

loops, then A^^\j) ■ ^exta(Ca) = A^^^-fa) ■ reSaiOCa, and if z e R'^, then ^(^^7) • ? extcr(z) = 
^^fgflle(t)z^-. Indeed: 

^ = exto (reso - ext^ {C{t)))) + extcr (?(*)) + exti (resi - extcr (C(0) ) ) 

Suppose that ^ : [tQ,ti] — > M'^ is a based loop such that ^^^^(7) • ^ for every ( G exto(Vo) + 
extcr (Vcr) + exti(Vi). Then resa(^) G Va and ^(t) G Vcr by maximality. Thus exto(Vo) + extcr (Vcr) + 
exti(Vi) is a maximal negative-definite subspace of the space of based loops with domain [to>ii]- 
Therefore: 

^(70) + viqcr) + Vili) = V{7) (4.1.13) 

□ 



4.2 Some derivatives of the formal path integral 

Pick a classical nonfocal path 7 : [toi^i] — ^ extended to a family that depends smoothly on its 
boundary conditions 7(to) = qo and 7(ti) = qi- We have already established solid vertical lines in 
our Feynman diagrams as referring to the vector space of all paths in R'^ with domain [to,ti]. (We 
will amend that convention in the next section.) We now declare that a dashed line carries simply 
a vector in M!^, or equivalently an index i = 1, . . . ,d. 



22 



Let r be a Feynman diagram, possibly not closed. Then its value depends on the classical path 
7, and in particular on the boundary conditions qo,qi. We represent differentiation with a dotted 
circle: 




_d 



-[ev(r)], a = 0,1 



(4.2.1) 



If r consists of two components Ti, possibly connected to each other, then the product rule can 
be written graphically as: 



ri 

r 



r2 



r2 



+ 



(4.2.2) 



Suppose then that Fi is a subdiagram of F whose images Fi, . . . , F„ under the group of auto- 
morphisms of F do not intersect, so that F = fLJFiLJ---UF„ (we do allow automorphism of F to 
induce nontrivial automorphisms of Fi). Then: 

(f) = C tTi F2 • • • F„ = (r)Fi F2 • • • F„ + f (ri)F2 • • • F„ + • • • + f Fi F2 ■ • • (F^) = 

= (f ) Fi F2 • • • F„ + n f (Fi) F2 • • • F„ (4.2.3) 

It is an elementary counting lemma that Aut : Fi ;F2 • • • F„^ = ^ Aut (f Fi F2 • • • F„). Prom 
this observation, we derive the following fundamental result: 



4.2.4 Lemma (Product Rule) For a = 0,1, we have: 
d 

dqa 



d ^ {ihY^^) ev(F) 



AutF 



r with one or 



[ihY^^) ev(F) 



AutF 



(4.2.5) 



The sum on the right-hand side ranges over diagrams with precisely one differentiated basic subgraph 
— either a single differentiated vertex ( of valence three or more ) or a single differentiated edge. 

These basic derivatives are then straightforward. Assume that ^1, • • • do not depend on g^. 
Then: 



d 
dqi 



*o fc=l 



dq 



dT 

7(t) 

dr 



7(t) 



(4.2.6) 
(4.2.7) 
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7(t) 



dr (4.2.8) 



9<> J a 6 Cn 



(4.2.9) 

since the only dependence is in the classical path 7. We mention that the Euler-Lagrange 

dqa 



equations assert only that the univalent vertex vanishes on based loops; ^ does not vanish at 



both endpoints. 

We can compute the derivative of the Green's function from the product rule. Recall definition 2.3.2: 



, provided ^ is a based loop. 
Let ^ be a based loop, and consider the derivative of equation (4.2.10): 

; € I ? ; ? 







+ 



(4.2.10) 



(4.2.11) 



We contract with G, which is a based loop in each variable, and use equations (4.2.9) and (4.2.10): 



.1 



, qa 



.1. la 



■1) 



(4.2.12) 



The first equality in equation (4.2.12) requires that vanishes at both endpoints, which follows 
from differentiating G(?, io) = = G{<;,ti) with respect to qa- 

When evaluating formal integrals, we need not only the first derivative of the integrand but its 
full Taylor expansion. To expand higher derivatives of diagrams, we use the product rule again: 




■■ J 





In particular: 




J. J 



+ 



;'-'7 




dq'^ 



This vanishes if ^ is a based loop. Thus: 



(4.2.13) 



(4.2.14) 







+ 



J. J. 

;'7V7: 



And 



Qq^Qq^ vanishes at both endpoints, so equation (4.2.10) applies. Therefore: 



dqidqf 



(r) 



j k 



j k 

I I 
I I 

^7' 



(4.2.15) 



(4.2.16) 
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Thus in general to take the second derivative of a vertex one either adds two ^^s or an edge 



connecting to a trivalent vertex with two ^^s. The lowest-valence example is: 



qa >.■•■■•■■./ (?b 



I 96 



(4.2.17) 



The second summand vanishes because G is a based loop in each variable. We record one further 
derivative here, as it indicates how to proceed to higher derivatives: 




' :Qc 



+ :'7";--.7.-C7"; + 




qa[^ .■<-9f [qt 

+ :'7"; ■-.T-- CV'; 



(4.2.18) 



The outer terms vanish because 

^(2) • = when e is a based loop. One more derivative gives: 



dq'ctdql'dqfdq^' 



<?;^(f5;;;-'?d;i:;-gw;-., 
■■' ^7^ ••.7.^ C7'; 



l\ 12 «3 14 



ll 12 l-i «4 



il^ •••.V ■■•/'■■• ^7; _^ ::7 




■• + 



«1 «2 *3 *4 

: 7) '-:>;>■'■•■ ::7.) + 



«1 «2 «3 *4 

• • ■ ■ ^ \ ■ 'y '• ■ ■ 



(4.2.19) 



In general, the nth derivative will be a sum of trees. 

The final component of equation (2.5.4) that is not locally constant in qo,qi is the determinant 
det QgpQgj • Recall the derivative of a determinant of a matrix- valued function: ^[detM(z)] = 
(detM(z))^[logdetM(z)] = (det M(z)) ^ [tr log M(z)] = (det M(z)) tr(M(z)-i^ [M(z)] ) . To 
denote the derivatives of det ^J^qj graphically, we introduce the Feynman rule oC^T^^I~'STyJ|^^J^i 
for the inverse matrix ^- 



(a2[-5])-i 



Then equation (4.2.18) gives: 



m-s]y 
07-— — Ti 



qi 90 



91 !■■■■■■:< qo 



(4.2.20) 



d 

dqa 



log 



det 



92 [-5] 



dqodqi 



o\~~ ^1 



90-: 

9a ■■ 



'■qi 




(4.2.21) 
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An important comparison is in order. In the graphical notation, equation (2.3.10) reads: 



ev 



ev 



V 



0T~~ 

J. 



90 



91 



:7: 



e(? - r) + ev 



-^0 

J 91 90, 
:7': (T: 



V 



e(T-?) (4.2.22) 



Recall that implicit in vertices are integrals, which might not converge: the Green's function is 
not smooth at <; = r. Suppose, however, that the diagram \p does converge. Then we claim that: 



o\~7r. rrr ;i 

91^7^ C7/92 



(4.2.23) 



Indeed, the difference comes only from derivatives of the Heaviside step functions in equation (4.2.22) 
and of these only S{<; — t) can contribute, but if it contributes at all to \p then it contributes a 
divergent term proportional to 6(0). This proves equation (4.2.23) when the formal path integral 
has no ultraviolet divergences. 

We remark that equation (4.2.23) says nothing more or less than that our ad hoc determinant 
has the same derivatives as would be had by the undefined determinant |det^(^^| , which is 
what definition 2.1.7 says should be in equation (2.5.4). When there are ultraviolet divergences, 
we believe that some sort of "divergent" derivative should replace our ad hoc definition. 

In equation (2.5.4), the determinant appears with exponent ^. This fraction appears with 

^\^, and on the right-hand-side the ^ can be 



new meaning: d 



det 



dqodqi I 



det|M| X , 

dqodqi I 2 



understood as the symmetry factor of the diagram. All together, lemma 4.2.4 and equations (4.2.9), 
(4.2.12), (4.2.16) and (4.2.23) imply: 

4.2.24 Proposition Let L be a Lagrangian on M'^ and 7 a classical nonfocal path depending 
smoothly on its boundary conditions such that the formal path integral U^{qQ,qi) has no ultravi- 
olet divergences. Then: 



-Sry = ev(») 



d[-Sj 
dqa 



ev 



[dqY 



:7 :• 

■■■•\. 



dqadqb 
ev(r). 



trees T with trivalent 
and higher vertices 
and n leaves 



Qa 



Qb 



ev 



:7 ,:■ 



.1.' 

:'7') 



n > 3 



(4.2.25) 
(4.2.26) 



QU 

Tdqf 



det 



dqodqi 



E 



(ih)-xin ev(r) 



diagrams F with 
no leaves and trivalent 
and higher vertices 



lAutri 



det 
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dqodqi 



E 



diagrams F with 
n leaves and trivalent 
and higher vertices 
and no trees 



{ih)-^(^^ ev(r) 
lAutri 



(4.2.27) 
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In equations (4-2.26) and (4-2.27), the leaves are ordered and are attached to ^s. In equation (4-2.26), 
we recognize that a tree with ordered leaves has no automorphisms. In each case, you could just as 



well have divided the left-hand side by n\, working with ^-g^, in which case we would not order 
the leaves on the right-hand sides and would have to divide by |Autr| in equation (4-2.26). □ 

There is a cute way of rewriting proposition 4.2.24. By recalling the formal integral of definition 2.1.7, 
and making the same ad hoc choices as in definition 2.5.3, equations (4.2.25) to (4.2.27) can be 
packaged together as saying that we can "differentiate under the formal path integral" : 



Qn 



(dqa) 



■[U^{qo,qi)] 



formal 



Qn 



{dqaY 



[exp{-{ihy^A{(p))] dip 



(4.2.28) 



By -^[S{ip)], say, we mean the following. The paths ip range among paths with boundary values 



qa, a = 0,1. Arbitrarily pick a collection of path : [tQ,ti] 



with ^{ti) = and 



^Uto) = 5). Then -^[Biip)] is the functional derivative lim,^o e~UB {if + e^j)-B {if)) = B^^\ip)-S,j. 

By the Euler-Lagrange equations, the choice of does not effect the value of the formal integral 
in equation (4.2.28). If the integral made sense analytically, the choice of ^ would be "integrated 
out" by the integral / dip. 

4.3 The Fey nman- diagrammatic part of equation 4.0.2 

We now return to the situation in Theorem 4.0.1. In this section, we compare the higher-order 
terms in and /^™™*^ CZ-yg ?Xy^ . We have: 



t/^(go,gi) = (27ri;i)-'^/2e*^n-ir^^^' 



det 



dqodqi 



(i/i)-x(r) g^(r) 
lAutri 



(4.3.1) 



guish from the diagrams in the integral J "^"^'^ C/yg C/^^ , and ev 
are the corresponding Feynman rules. 



The sum ranges over unmarked diagrams, which we henceforth draw with doubled edges to distin- 

formal.. - - ' j = "-^^^Ht) and CV ( ' 

On the other hand, equations (4.1.6), (4.1.8) and (4.1.13) and definition 2.1.7 give: 

formal 

U,, (go, q) ii)M = (2^^/i)-'^/2eS^n-l)''(^) - 



det 



92 [-5^ 



dqodqi 



E 



{ih)-^(^^ ev(r) 



|Autr| 



'9cr(go,9i) V - r marked 

(4.3.2) 

where the sum ranges over diagrams with precisely two marked vertices ★oj*! of arbitrary valence. 
We continue to use dashed edges to denote the finite-dimensional space M.'^. Then the Feynman 
rules are: 



ev 



gn 
dq' 



■[So{qo,q) + Si{q,qi) 



ev 



ev 



1 



det 



dqadq 



Qn 



det 



dqadq 



E 



dq^ 

lAutri 



Here a = 0, 1, eva denotes the Feynman rules used to define f/^^, and every expression is evaluated 
at g = qcr{qo,qi)- 
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Proposition 4.2.24 gives: 



ev 



r with no trees and 

n exterior :jai- - s 
/■■■ 



Autr 



ev 



E 



{ihY^^) evo(r) 



trees F with 
n exterior .-Vij',- - s 



lAutri 



+ 



E 



trees F with 

n exterior ri'i— - 
/■•' 



{ihY^^^ evi(r) 
lAutri 



(4.3.3) 



(4.3.4) 



In equation (4.3.3), the diagrams in the sum may be disconnected, but no connected component can 
be a tree. In total, each diagram must have n occurrences of The two sums in equation (4.3.4) 
are the same, but in one we evaluate each diagram with respect to the Feynman rules for U^^^ and 
contract each leaf with and in the other we use \J^^ and 

Finally, we modify the notation slightly so that we can drop the "eva" notation but still consider 
diagrams with both *0)*i expanded out: 



ev 



evn 



ev 



ev„ 



Then equations (4.3.3) and (4.3.4) give: 

(in)->^(r) g^(r) 



E 

F with *o and *i 



|Autr| 



E 



ev(r) 

lAutri 



(4.3.5) 



F decorated 

By 'T decorated" we mean that the sum ranges over all diagrams made from the following ingre- 
dients (in the vertices, we require n > 3): 

n n , 



V- V' ^- 



Since J^*^ = + the vertices in fXy decompose as: 



9.1 

■■70 M 

n n 
+ 



1 



decompose the Green's function 

defining relation. 

We claim that if ^ : [ic^i] — > 




Similarly, we will 

by showing that a certain sum of six terms satisfies its 
has £,{tQ) = 0, then: 

;) .9'~-<? 

(4.3.6) 



reso(?) reso(C) q.~~.q resi(5) g, ~ 

+ \m W+ \ O'^ Q^l^ = _reso(e)'(?) 



0* 



Indeed, integrating by parts gives: 



reso(0 ; q 

■'7o:- 



' dL 






■yo{to,qo,t,q;t)_ 
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Similarly 



resi (g) 




Si] 



QqkQqi 



We contract with 



■.To:- 



reso(^) 5' --9 resi(g) 9- - 



d'[-So] 



QqkQqi 



dqdq 



^(0 



dq 



-^^(*)§f(0 (4.3.8) 



On the other hand, by another integration by parts and recalling equations (2.3.10) and (2.3.11): 



reso(0 Q 




ho 



dvWv^ dr ' dq^dv^ dr 



J t=t 



/to 



' i\r)5l5{T-<,)dT-e{t) 



= -e{^)+e{t)^{^) (4.3.9) 



This proves equation (4.3.6). Along with a similar formula for resi(^) when ^(ti) = 0, we have 
proven that: 



1 



(4.3.10) 



as 



the right-hand side satisfies the defining relation of the left-hand side (the boundary conditions 
are clear). Because this sum comprises precisely the possible ways to connect vertices in the sum 
of diagrams in J^°^^^^ jj^^ jj^^ ^ the sums of diagrams in U-y and in J^"^^'^^ jj^^ jj^^ match identically. 
This completes the proof of Theorem 4.0.1. □ 



5 Handling ultraviolet divergences 

Although Theorem 3.0.1 is formally true even when the formal path integral of definition 2.5.3 has 
ultraviolet divergences, in Theorem 4.0.1 we required that all ultraviolet divergences cancel. In this 
section, we discuss the ultraviolet divergences that can occur in the formal-path-integral approach 
to quantum mechanics, thereby completing the proof of the Main Theorem. 

Ultraviolet divergences in quantum-mechanical path integrals have been addressed before. No- 
tably, Manuel and Tarrach [24] consider the case of motion on flat space with a mildly diver- 
gent potential (too divergent and the problem is hopeless: the corresponding Heisenberg operator 
is not self-adjoint). They handle the corresponding path- integral divergences through a system 
of regularization and renormalization with counterterms, just as is standardly done in quantum 
field theory, and achieve finite physical results. Closer to our approach, Kleinert and Chervyakov 
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[18, 19, 20, 21, 22, 23] discuss the divergences that arise from using "the wrong coordinates" — 
as we will see in this section, divergences do not arise when using the "correct" volume form — 
within the framework of dimensional renormalization. In both approaches, Planck's constant h is 
set to unity from the beginning, forcing the authors to incorporate their perturbation parameters 
into the potential energy functions. Our semiclassical {h ~ 0) approach allows us more freedom to 
consider quantizations of very nonlinear classical theories, and in particular Riemannian manifolds 
in which the metric is not flat. 

We begin this section with a natural example in Section 5.1 to emphasize that, even in the case 
of totally smooth classical (flat!) physics, ultraviolet divergences really can be a problem — this 
is in contradiction with the many texts that suggest that, absent singular potentials, ultraviolet 
divergences are a feature of quantum field theories in dimensions 2 and higher. In Section 5.2, 
however, we prove that in the most important case of "nonrelativistic" quantum mechanics on a 
manifold, if the metric and measure are compatible then all ultraviolet divergences cancel. 

We remark that even in "divergence-free" path integrals, individual Feynman diagrams may 
represent divergent integrals. We say that a path integral has no ultraviolet divergences if for 
each n, the divergent parts of the integrals that contribute to the coefficient of in the path integral 
cancel. One can express this in several equivalent ways. The divergent part of any of our Feynman 
diagrams is always of the form "J(5(0))™[. . . ]", where "J"" represents some finite-dimensional 
integral and "[. . . ]" some piecewise-continuous bounded function. Our informal approach will be 
to write / ((5(0))"*[. . . ] = (5(0))'" /[■■•], and assert that at the end of the day the polynomial in 
6{0) is degree-zero. Although somewhat obscured, our proof finds coordinates in which to write the 
sum of all diagrams with the same Euler characteristic as a single integral, and show that for this 
integral, the integrand is bounded. Alternately, one can introduce a small parameter e, replace the 
Green's function by a smoothing that differs from the true Green's function only by e, and prove 
that as e — 7- 0, the limit of the corresponding "regularized" formal path integral is a well-defined 
power series in h. 



5.1 A divergent example: geodesic motion on M in the wrong coordinates 

We consider free motion on the line in exponential coordinates. Under the map x q = expx, the 
usual Lagrangian L = ^x"^ transforms to: 



2^ 



Here q is the usual coordinate on M 
trivialize the tangent bundle as TM - 
coordinates are: 



R>o and V is the corresponding fiber coordinate — we can 
^ X M>o. The Euler-Lagrange equations of motion in these 

^-2— = - — 

^2 ^3 ^3 



and so 7(t) 



qo, lih) = qi- For 



^(ii-r)/(ti--to)^(r-io)/(ti-to) -g ^^.q^g solution with 7(io) 
notational convenience, we write £ = ^^^^log^^. Then 7/7 = £, and the Green function G(?, r) 
must satisfy: 

The solution with G(?,to) = = G(?,ti) is: 



G(,,r)=7(?)7(T) + 



ti — to 
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Then G,^,^ are bounded, but: 

£2 G - iji,) 7(t) (^^) + 7(?) 7(r) f + <5(r - ? 



The derivatives of the Lagrangian are: 



dv^dq 



n—k 



(i>,g)={7(T),7(r)) {2 - k)\ 7(t)^ 



where by convention (— m)! = ±00 for m a positive integer, so 1/(2 — A;)! vanishes for k >2>. 

We can now (try to) evaluate any diagram we wish. There are no diagrams with one loop, and 
three diagrams with two loops: 



"barbell" "theta" "infinity sign" 

Whenever the Green's function is twice-differentiated, it contributes a 5 function to the integrand. 
These become problems for loops in diagrams, as then there can be as many 5 functions as in- 
tegration variables. In particular, the values of the infinity and theta graphs are of the form 
[finite](5(0) + [finite]. In the barbell, the two loops do not overlap, and each one can diverge. 
Thus, in addition to terms of the form [finite]5(0) + [finite], the barbell has a divergence equal to 
^*^24°^ ((^(0))^, after performing all integrals. This term will not be canceled by divergences from 
other diagrams. 



5.2 Nonrelativistic quantum mechanics is divergence-free 

As Section 5.1 shows, there can be ultraviolet divergences even for geodesic flow on flat space. 
However, in this section, we show that the problem in Section 5.1 really is that the coordinates are 
wrong, in the sense that they are not compatible with the volume form induced by the metric: 

5.2.1 Theorem Let L he a Lagrangian on of the form L{t, v, q) = ^ajj(r, q) v^v^ + 6j(T, q)v'^ + 
c{T,q), where aij{T,q) = aji{T,q) and det a(r,q) = 1 for all {T,q) G M'^^^. Then the formal path 
integral for L has no ultraviolet divergences. 

In order for the Morse index in definition 2.5.3 to be defined, we in fact need aij{q) to be positive- 
definite for each q, so it provides some metric on M"^, and ^aij{q) v'^v^ is a "kinetic energy" term. 
The one-form 6 is a "magnetic potential" on R*^, and the function c is an "electric potential," so 
the Lagrangian in Theorem 5.2.1 describes the classical nonrelativistic motion of a charged particle 
moving through an external electromagnetic field on a curved background. 

Consider now the case when M is a Riemannian manifold with metric a, a one-form 6, and 
a function c. The metric determines a volume form Vdet a on Af. If we find local coordinates 
compatible with this volume form, then in local coordinates the Lagrangian L{v,q) = ^a{q) ■ + 
h{q) ■ V + c{q) is of the form in Theorem 5.2.1, and the compatibility condition guarantees that in 
these coordinates detajj = 1. Along with Theorems 3.0.1 and 4.0.1, we can compute formal path 
integrals for the system (A/", Vdet a, L) by cutting and pasting and finding local volume-compatible 
coordinates. Even if a, b, c depend on an external time variable, [26] guarantees the existence of 
(time-dependent) volume-compatible local coordinates. Therefore Theorem 5.2.1 completes the 
proof of our Main Theorem. 
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Proof (of Theorem 5.2.1) Definition 2.3.2 implies that: 



dqdr 



5{q - t) (a(r, 7(r))-M'^ + finite (5.2.2) 



This is the only source of divergences in Feynman diagrams: regardless of the type of Lagrangian, 
provided it depends on position and velocity alone no vertex differentiates an incoming edge more 
than once, so no Green's function is differentiated more than twice. Note that by and large, Dirac- 
delta functions are not a problem in integrals: they simply identify integration variables. So the 
5{(, — t) in equation (5.2.2) is a problem only when ^ and r are already identified. This can happen 
only when the Feynman diagram has a loop of Green's functions, all of which are differentiated 
twice: ultraviolet divergences live on loops in Feynman diagrams. 

However, since the Lagrangian L is quadratic in velocity, no vertex differentiates more than 
two of its incoming edges. Thus, divergent loops in the same Feynman diagram cannot intersect. 
Our strategy, then, is as follows. For each Euler characteristic, we record all possible Feynman 
diagrams, expand the summations implicit in each vertex (equation (2.2.3)), and keep only the 
divergent diagrams, labeling individually the divergent loops. We can then grade each diagram by 
the multiset that records the number of external edges attached to each divergent loop. By "pulling 
the loops far away from each other," one can express the sum of divergent Feynman diagrams as 
essentially the exponential of a sum of individual divergent loops, contracted with some convergent 
parts. In particular, to prove Theorem 5.2.1, it suffices to prove the following lemma: 



5.2.3 Lemma For each n, we have: 

ev(r) 



E 



. lAutri 

loops r with 
n exterior i 



finite (5.2.4) 



In equation (5.2.4), the n external edges are ordered and contracted with based loops ^i, . . . , 
For example, the left-hand side of equation (5.2.4) for n = 1,2,3 are: 



^ SiCaSs ^ £.1^2 €3 £.1 £2 £s 



Consider again equations (2.2.3) and (5.2.2). Then for n = 1 the left-hand side of equation (5.2.4) 



is: 



C(r)* dr + finite (5.2.5) 

g=7(r) 

But by assumption, deta = 1, and so = [det a(r, g)] = (a(r, g)"^)'''^. Therefore the 

divergent part of equation (5.2.5) vanishes. Differentiating again shows that the n = 2 term is 
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finite, and in general: 



E 



loops r with 
n exterior edges 
connected to , . . . , ^„ 



ev(r) 
lAutri 



* ^, . 1 a"[v/deta(T,g) 
n=o ^ v'deta(r,g) • • • ^g^- 



g=7(r) 



er(T)---CW^T + finite 



Tliis completes the proof of lemma 5.2.3 and therefore of Theorem 5.2.1. 



finite (5.2.6) 

□ 
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